For an interface between two isotropic media the power reflectance R, (4) (O) is monotonic from that in which the function exhibits a minimum at oblique incidence. Families of curves that illustrate the maximally flat response in external and internal reflection are presented. New equations that determine the angle of incidence of minimum unpolarized-light reflectance of a dielectric-dielectric or a dielectric-conductor interface are derived.
INTRODUCTION
The power (or intensity) reflectance of a planar interface between a transparent medium of incidence and an absorbing medium of refraction for incident unpolarized or circularly polarized light is a function of the angle of incidence 4) and the wavelength-dependent complex relative refractive index N. (It is assumed that the incident light is collimated and monochromatic or quasi-monochromatic and that the two media are homogeneous, optically isotropic, linear, and nonmagnetic.) This reflectance R is the average, R, = (R, + R,)/2, (1) of the power reflectances R, and R, for the p and the s linear polarizations, parallel and perpendicular to the plane of incidence, respectively. The latter are calculated from it follows that the power reflectances R,, Rs, and R, are also even functions of and can be expressed in terms of their Taylor-MacLaurin-series expansion as The second derivatives R,` were evaluated previously, 2 and it was found that Rp"(0) = -R t '(0), so that
R.>= R(O)
Ru"(O) = 0. (6) Therefore the initially parabolic (or quadratic) rise of R, with is exactly compensated, or balanced, by the initially parabolic fall of Rp, which makes the unpolarizedlight (or average) reflectance Ru substantially flat with respect to (A near d> = 0. From Eqs. (5) and (6) the angular variation of Ru is determined by R, = rprp*, R., = rr 8 *, (2) where rp and r are the complex-amplitude Fresnel reflection coefficients given by' 4) 4 /4!) + .... (7) This paper concerns the constraint on complex N such that the fourth derivative of R,, is also 0 at normal inci-
dence, i.e.,
From Eqs. (3) it is readily apparent that r, is an even function of 4), i.e., 
This leads to the maximally flat reflectance (MFR) Ruversus-) curve that is described by a series in which the leading 4)-dependent term is of the sixth power,
Changing the sign of 4 is permitted mathematically and may be thought of physically as changing the direction of incidence from one side of the interface normal to the other in a given plane of incidence. From Eqs. (1) and (2) since all the first five derivatives are zero. The flatness of the curve is best appreciated through the specific examples to be presented. 
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in which a light beam is to be deflected over a wide range of angles without introducing any significant changes of the reflected light intensity.
EVALUATION OF THE FOURTH DERIVATIVES AT NORMAL INCIDENCE
For simplicity, the derivatives of the complex Fresnel reflection coefficients r and r are determined first. By carrying out two successive differentiations of the already published second derivatives 2 and evaluating the results at
For completeness I also list
The The fourth derivative of R, is
and the condition for the MFR of Eq. (8) can be restated as (13) and (17)- (19) we determine that
where Ro is the normal-incidence reflectance: 
A more elegant and transparent equation for the locus is obtained when N is expressed in the polar form N = rq exp( j0), (27) where (29)
Equation (30) is surprisingly simple and indicates that the locus of complex N of all possible interfaces with the MFR is the limacon of Pascal 3 in the nk plane. This locus is easily established by the graphic construction shown in Fig. 1 . A semicircle is drawn with the center on the n axis at (1,0) and radius 1; the circle is tangent to the k axis at the origin 0. The straight line OP from the origin 0 to an arbitrary point P on the circle, a cord of length 2 cos that makes an angle 0 with the n axis, is extended by a fixed amount = \/3 to reach a point Q. The locus of Q, Figure 2 shows the LIB on a magnified scale. The domain of fractional optical constants is of interest in the vacuum untraviolet and under conditions of internal reflection.
The finite area in the first quadrant of the nk plane that is bounded by the HIB, the LIB, and the n and the k axes specifies the domain of the complex relative refractive indices of all the possible interfaces for which the unpolarized-light reflectance R increases monotonically with the angle of incidence 4. For any complex N outside this domain, R exhibits a minimum at oblique incidence. Previous attempts to define the regions of the nk plane of monotonic and nonmonotonic behaviors were only partially successful. In an extensive paper by Holl 4 the HIB is illustrated in a graph with an accompanying word of caution with regard to accuracy. Azzam and Alnajjar 5 presented the HIB as determined by brute-force but accurate numerical iteration. Both of these earlier nonanalytic studies missed the LIB entirely.
SOME PROPERTIES OF THE LIMAQON OF PASCAL LOCUS OF COMPLEX REFRACTIVE INDICES FOR MAXIMALLY FLAT REFLECTANCE
From Eqs. (24), (27), and (30), the parametric equations of the locus are n = (2 cos 0 ± )cos 0, k = (2 cos 0 ± V)sin 0.
Note that NANA' = 1, so that A and A' correspond to the external and the internal reflection, respectively, at the same dielectric-dielectric interface with relative refractive index 2 + 3 = 3.73205. It is also of interest to locate the points on the HIB and the LIB at which the extinction coefficient k is maximum. This is done by setting k/aO = 0, where k is given by the second of Eqs. 
An important conclusion is that the unpolarized-light reflectance exhibits a minimum at oblique incidence if either one of the following (sufficient but not necessary) conditions is satisfied: where 0 is the angular polar coordinate of a point on the contour as shown in Fig. 1 . As 0 is increased from 0 to 90° on the HIB or from 00 to 300 on the LIB, Ro increases monotonically from 1/3 to 1 (Fig. 3) . The rise of Ro with 0 is initially slow in the neighborhood of points A and A' but becomes steep as points B and 0, respectively, are approached.
Any interface that has a normal-incidence reflectance R o ' 1/3 is characterized by a monotonic Ru-versuscurve. The corresponding range of n and k in Fig. 1 is bounded by the segment A'A of the n axis and the semicircle constructed on A'A as a diameter; this range lies entirely between the LIB and the HIB.
Finally, all the possible values of the complex relative dielectric function E for interfaces with the MFR are given by e = N 2 (37) e = (2 cos 0 ± N/)2 exp(j20), (38) where the limits on 0 are the same as noted above. Figure 4 shows a family of maximally flat Ru-versuscurves for 10 interfaces that correspond to 10 points on the HIB of the limagon of Pascal at equispaced values of 0 from 00 to 900 in equal steps of 100. The curve marked a is for the dielectric-dielectric interface with N = 3.73205. The extent to which R, remains virtually constant, R, = Ro, as 4) is increased from 0, is remarkable. For curve a, the reflectance increases from its normal-incidence value of 1/3 by a scant 0.000006 as 4) is increased from 00 to 300 (this is one third of the full range of 4)). Further increases of to 450 and 600 increase R, to 0.333544 and 0.336706, respectively. Beyond 700 the reflectance starts to rise steeply toward 1. 
MAXIMALLY FLAT REFLECTANCE CURVES

_
The reflection of red or near-infrared light at the air-Si interface is closely described by the MFR curve a, shown in Fig. 4 . For example, at a wavelength of 747 nm, N = 3.736 + jO.009 for Si, 6 which is a good approximation to the required index. Coincidentally, the complex refractive index of GaAs at the same 747-nm wavelength is 3.725 + jO.101. A radial line from the origin to the point that represents the air-GaAs interface ( = 1.550) intersects the limagon of Pascal at 3.730 + jO.101. This differs little (by 0.005) from the GaAs index. A third case, which is also described sufficiently well by curve a of Fig. 4 , is the air-NaCl interface with relative refractive index 6 3.72 + j.02 at the far-infrared wavelength of 71.43 ,um.
For completeness, Fig. 5 shows a family of MFR curves under conditions of internal reflection at interfaces that are represented by points on the LIB branch of the limacon of Pascal at 0 = 00, 50..., 30°, in equal steps of 5°.
ANGLE OF INCIDENCE OF MINIMUM REFLECTANCE FOR INCIDENT UNPOLARIZED LIGHT
When N is such that the R-versuscurve exhibits a minimum at oblique incidence, it is of interest to locate the angular position of the minimum. This is done by finding 4 such that Eq. (41) can be solved for as its only unknown by numerical iteration. Table 1 shows some results for GaAs in the visible. Listed are the photon energy hv (in electron volts), the wavelength A (in nanometers), the real and the imaginary parts er and ej of complex e, the angle of incidence of minimum unpolarized-light reflectance Cumin obtained by solving Eq. (41), and the associated minimum reflectance Rumin- For interfaces between dielectric media, E is real, rv* = r,, and Eq. 
The angle of minimum R, is determined by
The foregoing explicit analytic solution for the angle of incidence of minimum reflectance of a dielectric interface for incident unpolarized light is, to my knowledge, new, although the problem of defining this angle was considered in 1919 by Jentzsch-Griife. In this early paper 7 an analytic relation between the angles of incidence and refraction that holds at the minimum is found. This relation, in addition to Snell's law, provides an implicit solution for Oumin- In Appendix A we consider the interesting related problem of determining the refractive index of a high-index dielectric medium from the angle of incidence of minimum unpolarized-light reflectance.
For illustration, Fig. 6 shows a family of R 0 -versus-4) curves for dielectric interfaces with real N from 1.5 to 6.0 in steps of 0.5. Superimposed upon Fig. 6 is the MFR curve for N = 3.73205, which is indicated by the pluses 
CONCLUSIONS
The conditions for monotonic and nonmonotonic variations of the unpolarized-light reflectance of an interface with incidence angle have been determined exactly. In particular, if the complex relative refractive index of an interface (i.e., the ratio of the complex refractive index of the medium of refraction to the real refractive index of the transparent medium of incidence) N = -q exp(jO) is such that 2 cos 0 -3 c -q 2 cos 0 + \/_, the reflectance is monotonic with angle; otherwise the reflectance exhibits a minimum at oblique incidence. The boundary line separating the regions of monotonic and nonmonotonic behaviors is a limagon of Pascal. New equations that locate the angle of incidence of minimum reflectance for incident unpolarized or circularly polarized light are derived. For a dielectric interface, the equation is quadratic in the sine squared of the incidence angle with an exact explicit solution.
APPENDIX A: REFRACTIVE INDEX OF A HIGH-INDEX SUBSTRATE FROM THE ANGLE OF INCIDENCE OF MINIMUM
REFLECTANCE FOR INCIDENT UNPOLARIZED LIGHT
The refractive index N of a dielectric substrate is easily determined in terms of the Brewster angle B of minimum (zero) reflectance for incident p-polarized light by N = tan OPB- (Al) Suppose that the incident light is unpolarized (or circularly polarized) and that the refractive index of the substrate is sufficiently high for the reflectance to have a resolvable minimum at an angle dumin that is measured. How can N be determined from 4umin? The answer re- As an example, suppose that umin = 450, so that u = 1/2. The corresponding cubic equation becomes e3 -15e
